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The equality of multiple integrals in the series development
of a reflection coefficient for waves governed by a general
linear differential equation

J Heading

Department of Applied Mathematics, The University College of Wales, Penglais,
Aberystwyth, Dyfed, SY23 3BZ, UK

Received 6 February 1981

Abstract. When wave propagation is governed by a second-order linear differential
equation in normal form, the reflection coefficient, when expressed as a power series in
terms of a parameter ¢, consists of a large number of multiple integrals, most of which have
been proved to be equal in pairs. The present paper generalises this result to apply to
equations of order 2n, the various stages of the generalisation not being obvious from the
case when n = 1. The equal pairs of multiple integrals are now only possible for modified
integrands, but not for the complete integrands, the number of these pairs of multiple
integrals being then independent of the order 2n.

1. Motivation and introduction

In Darwin’s (1924) and Hartree’s (1929) investigations into the propagation of elec-
tromagnetic waves, each element of the medium was regarded as transmitting fresh
waves in all directions, the linear sum of all these wavelets at a point forming the overall
wave propagated through the medium. Each newly transmitted wavelet was taken as
propagating in free space, regardless of the presence of the medium. White (1942) used
these ideas, while Heading (1953, 1963) extended these concepts considerably so as to
obtain many formulae relating to propagation in plane-stratified isotropic and aniso-
tropic media. Computer calculations by Westcott (19624, b, ¢, d, 1964) based on these
formulae gave an insight into the qualitative and quantitative aspects of reflection
processes existing in isotropic and anisotropic media.

In these formulae, a reflection coefficient R is expressed as an integral, whose
integrand involves the field in the medium together with a function of position that
shows by how much the medium diffgrs from free space, this difference being specified
by a parameter . When R is expanded as a power series in a, the coefficients consist of
the sum of many multiple integrals, their order being equal to the respective power of « ;
see Heading (1953, 1963, 1975). When the medium is isotropic, the author later
noticed that the two double integrals involved in the coefficient of a? are equal,
although completely different in explicit form. This led to a detailed investigation by the
author (Heading 1981) of the more general case when the field is governed by a general
second-order linear differential equation (not necessarily in normal form), the pro-
pagation of the newly reradiated waves being governed by an independent second-
order linear equation. A parameter « is introduced to describe the difference between
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the two equations. An examination of the coefficient of a” in the series development of
R (this coefficient consisting of a large number of multiple integrals each of order n)
showed that a large number of equal pairs existed amongst these multiple integrals.
Formulae were derived giving the number of such pairs, and how they could be
recognised both analytically and diagrammatically.

The present paper extends these ideas to linear differential equations of order 2n,
since many physical phenomena are described by equations of order greater than two.
The advantages of such a generalisation to order 2n have been exploited by the author
in other publications; a list is given in Heading (1978, p 281), these investigations
throwing up deeper properties than those contained in the simple case n =1, Two
equations of order 2x are specified, the first to govern the propagation of the field under
investigation, and the second to govern the propagation of the newly transmitted
wavelets (the physical terminology behind the case n =1 is imported to describe the
general case). Some questions to be answered are: What features of the elementary
case are susceptible to generalisation? What is the nature of the generalisation? Are
there features of the elementary case that remain for general n, being independent of
the order of the differential equation?

The basic ideas behind the simple case n = 1 are used in this generalisation, but at
each stage these basic ideas provide no certain guidance as to the mode of procedure; in
fact, for progress to be made, considerable ingenuity is needed throughout the
investigation, as can be seen by a careful comparison between the analysis of the present
paper and that given in Heading (1981) relating to the elementary case.

2. The differential equations under consideration
The ‘carried’ wave W is governed by the linear differential operator of even order 2n
defined by

Dpy=D* +py1(2)D* 7 +. . +p1(2)D +polz), (1)

where D =d/dz. W satisfies the equation 2,W =0. The functions p,(z) possess no
singularities on the portion of the real z axis under consideration. The adjoint operator
is

9 = D¥ ~ D" py, 1+~ Dpi+po;

these operators are such that if ¥ and v are any two suitable functions of z, then the
Lagrange identity (see Ince 1926)

vDpu ~uD v = D[P, (u, v)) 2)
is satisfied, where P,(u, v) denotes the bilinear concomitant
P,(u, =Dy v +D* *u - (~Dv+pyn_1v)

+D* 2y - [D*0 ~ D(pan-10) + Pan-av]+. ..

+u[-D** o+ D> (p2n-10) ~ D> ¥ (pan-2v)+. . . +p1vl. (3)

If a discontinuity exists at a point z, in any p,(z) or its derivatives, we impose the
boundary conditions that W, DW, . .. ,Dz"_lw are all continuous at z = zg.

‘Free space’ is defined as a particular range of real z in which the coefficients p,(z)
are all constants (the same constants in all such ranges that may exist). If the 2n
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solutions of the polynomial equation
/\2" +p2n_1/\2n——1+ . .+p1/\ +P0= 0

are the distinct values «,, then the ‘free space’ wave has the form

2n
W=7Y A e* @)
r=1
Consider a second operator &, of order 2n, defined by the coefficients ¢,(z), with
17 E;A) as its adjoint. The ‘carrier’ wave w will be governed by the differential equation
using this adjoint operator, namely & ﬁf‘)w = 0. Weshall define &, to be such thatin free
space g, = p. for all coefficients. Hence in free space

@;A)w =(D*" ~pan D" 4+ —p1D+poyw =0
has the solution
2n
w= 21 B, e ", (5)
Define the operator & of order 2n —1 to be
D=D, - D,
=0 in a free space region.

In fact, we shall write

P,(Z)“CIr(Z)Ea)’r(Z),

where o may be a small parameter; to indicate this, write & = a9,.
Consider the Lagrange identity (2) for the two solutions W(z) and w(z):

wB,W — W w = D[P, (W, w)],
or
WD, W — WaBMw — WP Pw =D[P,(W, w)].

Since 2,W and 2w vanish, we obtain upon integration

Py (W, w)li= —aJ. w2 Pw dt, (6)
where @™w is of order 21 — 1.

When integrated throughout any free space region, we conclude that P,(W, w) =
constant, since 9, = 0.

The left-hand side of (6) contains the 2n terms W, DW,..., D*""'W, but the
integrand contains W only, together with w, Dw, . . ., D> 'w. Theresultisa complete
generalisation of the case when n =1, given by equation (3) in the paper by Heading
(1981). But there is an important difference, for in the integrand only w occurs and not
Dw. It is this difference that brings about the distinct results for the generalised theory
being developed in this paper. When n = 1, the two second-order equations were in
effect reduced to normal form by means of an integrating factor J, and this specialised
treatment ensured (i) that no Dw appeared in the integrand, and (ii) that no reference
occurred to adjoint operators, since in normal form the operators are self-adjoint.
These specialised features are absent when n > 1,
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3. Evaluation of the bilinear concomitant in free space
We now evaluate P,(W, w) at a point z =a in free space; matrix notation is an

advantage here. Let the column matrix u be defined by

u
Du
u= D*u

iy
and similarly for any other column matrix. Then from (3),
-D* 1y +D2"_2(p2n_1v_) —. .. +p

P , - T . e
o, 0) = —Dv+pap-1v

v
''p1 —DP2 Ps ... D1 -1
a7 D e Sy
DP2n-1 ~1 O e O 0
1 0 0o ... 0 0
in free space. Now
1 1 1 Ae
}11 xy; O3 ... Az ea2z
W= ’
i a3 a3 ... || Ase™®
hence P,(W, w) equals
" | .
aq pjl 17:2 . 1 1 ...\ /Bye ™
(A1 ealez e“zz .. ) 1 (4% : ) e i oy G2 .., Bz e—%z ,
o pra-t Lo OfL
1 o ... 0/ - oot

where the various minus signs have been taken into account. Generally, consider the
product

p1r P2 ... 1 /1
1 a o )Pzps---o B

ps pa ... O B’

for any two roots a and 3. The product equals

1(p1+paB+psBi+.. ) +a(pr+psB+piBi+..)+a (ps+pB+psB>+..)+...
=pi+pa(a+B)+psa’+aB+B8)+. ..
=(a=B)""[pila =B)+pala’~B*) +ps(a’~p7)+.. ]
=(a—B) " (=po+po) =0 provided « # 8,
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but when a = B, the product equals

p1+2pra +3psa’+...=dS/dal,=S"(a)

say, where

2n-1

S=a"+pr1 +...+pra +po.

Hence in free space

2n
PP(W, W)=A1315'(a1)+A2BZS’(a2)+. L= z A,B,S'(a,).
r=1

In another free space region containing the point z = > a (with the same roots «,),
let

2n -
wW=3Y A e, w=Y B, e ™

r=1 r=1

Then result (6), with z replaced by b, becomes

2n b
(A.B,—A,B,)S (a,) = ~a j wa'Mw de. (7)
r=1 a

This is a relation between the coefficients in one free space region and those in
another, expressed in terms of an integral throughout the intervening space of the
carried and carrier waves (and the derivatives of w up to order 2» —1). In particular, if
the parameter o vanishes, in which case W and w satisfy adjoint equations respectively,

2n - _
Z (ArBr —ArBr)S,(ar) = Os
r=1

a relation connecting the coefficients of the two fields in two distinct free space regions.

4, The integral equation for W

Equation (6) forms an integro-differential equation for W, where W alone occurs on the
right-hand side, but W, DW, .. ., D?"7'W on the left-hand side. Let w1, wa, ..., Wan
denote 2n independent solutions of @ﬁ{“w =0. In the free space region containing
z=a,let
2n
W, = 2 B(rs) e—a,z’

r=1

while in the free space region containing z = b, let
2n

_ 3 (s) —~a,z
wS—ZB, e

r=1

with 2(2n)? coefficients totally. Then (6) yields 2n equations

P, (W, ws)!;=—aJ' waMw, dt, s=1,2,...,2n,

a
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or, from (3),
W[—Dzn_lws +D2n—2(p2n-1ws)_' . '+P1Ws]+- B '+D2n_2W ' ('—Dws +p2n—1ws)

2n z
+D*" 1w . W, — Z ArBE‘s)Sl(ar)+aJ‘ W@(YA)WS de=0.

r=1

These equations enable us to obtain an integral equation involving W only without
its derivatives, namely,

W =—-M/N,
where
D> 7w =D* (praawi) +.. . +p2wr ... —Dwitpaoaws
2n z
wy o~ Y, A,Bi”S'(a,)mJ' waPMw, dt
r=1 a
M=) 22 2n-3
D wy—D (Pan—1w2)+...+paws ... —Dwr+pi,_qwa
2n z
wa =X A,B£2)S'(a,)+af W Pw, dt
2n z
D¥ 2w, D*Pw, ... Dw; wi -3 A,Bﬁl)S'(a,)-i-aJ. wWa ' Mw, dr
r=1 a
= 2n z
D> %y, D* 3w, ... Dw, wy —, A,B?)s'(a,)mf WP w, dt
r=1 a

and N is the Wronksian

2n—1 2n-2
D" 'wy D"wy ... Dw; w,
2n—1 2n—2

N=|D" W2 D " W2 ... DW2 Wio

upon simplification in each case.
We have the identity

WD — u@ff)ws =D[P,(u, wy)].

Let u denote a solution of Z,u =0, while we have already chosen w, to denote 2n
independent solutions of & ZA)w = (0. Hence we have the 2n equations

Py(u, we) = Cs

foru,Du, ..., D?" "'y, The choice of 2n independent columns C; will give 2n solutions
us. In particular, if successively all the C; are zero except one chosen to equal unity,
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then we define a special set of solutions u1, us, ..., U, each being the ratio of two
determinants, the denominator being N and the numerators the cofactors respectively
of the last column of M.

Thus we may write the integral equation of the second kind as

2n 2n z
w=Y us<2 A,BYS (a,) j WM w, dt). (8)
r=1

s=1 a

In other words, W is now expressed in terms of the u; (the 2x special solutions of the
adjoint of the equation that we have called the carrier equation), which in turn are
expressed in terms of the wy, these latter solutions appearing in the integrands.

For any particular value of s, from (7) we may write

20 z 2n - - b
A,B(,”S'(a,)—aj' WP w,de= Y A,Bﬁ”S'(a,)+aj W' Pw, dt, (9)
1 r=1 z

a

r=

implying that, of the 2» integrals occurring in the integral equation, some may be taken
from a to z, and others from z to b. At the moment, the selection of the limits is
arbitrary, though certain demands to be made later will fix the choice.

5. The choice of the carrier waves w,

Successive substitution in (8) will yield a formal development of W in terms of «, and
the subsequent substitution of this into (7) will finally yield a development of the
left-hand side in terms of @ without the necessity of solving equation (1) for W. The
coefficient of @™ in W involves many multiple integrals of order m, and so does the
development of (7) for =(A,B,~A,B,)S'(a,) for a particular choice w=w,. The
intention is to simplify this complicated summation involving the coefficients, so that
only one coefficient appearing in W remains to be -calculated. Solutions
W1, Wa, . .., Wa, are also specially selected so that most terms A,B,, A.B, in (8) or (9)
vanish; integrals either from a to z or from z to b are taken so as to achieve this.

In particular, if n =1, and if the second-order equation is in normal form, the
integral equation simplifies, since u; = —wy/N, u, =w/N, where N =constant. The
theory then reverts to the case already studied by Heading (1981).

The selection of the coefficients in W and w; at z = a and z = b can be more easily
grasped by considering the simple cases when n =1, 2, 3 as in the tables below. The
procedure underlying these simple cases can then be applied to the general case. For
any wave, it is arbitrary which n exponential solutions in free space are regarded as
‘upgoing’ and which » as ‘downgoing’ except that the descriptions for W are reversed
for all the w, (since the signs in the exponential indices are all reversed). For any w, for
general #n, there are 4n coefficients in total. Of these, 2n —1 can be chosen to vanish,
and one can equal unity; the particular solution is then defined uniquely. When
necessary for our purpose, this special unit coefficient will be attached to an ‘incident’
wave, either ‘upgoing’ at z = a, or ‘downgoing’ at z = b. The remaining coefficients will
be either reflection or transmission coefficients, and the various symbols R, T, r, ¢
(incidence from below) and #', ¢’ (incidence from above) are used when necessary;
otherwise the A’s and B’s are used as previously. Throughout, we choose w; to appear
in (7).
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n=1

W 'y ‘R T Yo Integral in (8) or (9)

2 Sy "1 ‘o T ztob

Wy t' 0 1 r atoz

n=2:

w ' 'R, "o 'R, tr, ‘o tr, ‘o Integral
w1 Ly T Ll To ‘o "B Yo TBY ztob
wa By By B¥  BY BY 0o 0 ztob
w3 ¢ 0 0 0 BY BY BY BY atoz
Wy 0 0 By 0 BY By By BY atoz
n=3

w 'y YRy to YmrR, 0 frRy T Yo T, Yo Ty Yo Integral

wy ir ll lBgl) TO lB(Sl) 1‘0 ,LO TB‘(zl) ‘LO Tﬁgl) LO TBE'(61) zt0b

wy B® BY®» B? B® BY BY 0 B? 0 0 0 0 ztob

Wi B® BY® BY BY B‘” BY o 0 0 BY o 0 ztob

Wy ¢ 0 0 0 0 0 BY¥ BY BY BY BY BY atw:

ws 0 0 BY o0 0 g™ BY BY BY BY é? atoz

We 0 0 0 0 B<5> 0 B® B® BY B BY BY ato:
£,

For W (below), the 2n coefficients A, are chosen as follows. One incident wave has
unit amplitude, the other n —1 incident coefficients being zero. The »n reflection
coefficients R, ..., R, are attached to the n downgoing waves. For W (above), the n
downgoing waves are given zero coeflicients, while there are n transmission coefficients
Ty,..., T, Overall, 2n —1 coefficients must be zero, while one must be unity. The
whole arrangement defines a unique solution.

The 2n solutions w, are chosen so as to be independent. Each has 2n —1 zero
coefficients, with 2n + 1 incident, reflected and transmitted waves. The choice is made
so that for each w; (except s =n +1) one of

2n 2n
Y ABSS'(a,) and 2 BES (a,)

r=1

is zero. If the former, then the integral j' is used in (8), while if the latter, thenf is used
as in (9).

w; (below) has a unit incident wave, the first reflection coefficient r, n — 1 further
reflection coefficients, with zero coefficients for the remaining » —1 incident waves.
Above, there are n zero downgoing waves, and # transmission coefficients. Hencej is
used. way, ..., w, (below) each have 2n non-zero coeflicients. Above, each has only
one non-zero coefficient (correspondmg respectively to the zeros in W, the last one
being discounted). Hencej' isused. w,.1 (below) had ¢ only in the first column; above,
all the 27 coefficients occur, and | is used, though SABMVS (a,) (below) is not zero,
the only case thus chosen. Finally, w,.»,..., w2, each have only one non-zero
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coefficient below, corresponding to the n — 1 zeros in W. Above, all the 2n coeflicients
are non-zero, and [, is used.

Slight alterations in this distribution may be allowed, but apart from these, the
general pattern is unique so as to achieve our objective. Certainly the simple case given
by n =1 is thereby generalised.

With this choice, integral equation (8) becomes

n b 2n z
W=1'S"(a)tps1+a 3 usJ‘ W Pw,dt—a Y usJ' W' Pw, dt, (10)
s=1 z s=n+1 a

while result (7)

2n — b
(ABY ~ABY)S (o)) = —a J' W2 ™, dt
r=1 a
reduces to
S’(al) a J‘b (A)
Ri=—2—r+—| W :
T Say) TS b W an

These are complete generalisations of the simpler formulae given when n =1 by
Heading (1981).
The development of (10) as a series in « commences with

W=t'S(a)uy+1,
giving
S’(al) at'S'(aq)
———rt—
S'(az) S'(a2)

expressing R; to O(a), valid when « is small, namely when operator (1) possesses
coefficients differing only slightly from those in &,

R,=

b
j 1 @ P wy i, (12)

6. The number of equal multiple integrals

The consideration of the various multiple integrals produced by successive substitution
now becomes rather involved. As we illustrate the procedure for dealing with the
equations and results for general values of n, it should be pointed out that the simpler
case n = 2 contains all the necessary ingredients to distinguish the general case from the
specially simple case when n =1 in normal form.

Asin Heading (1981), the investigation is carried out by means of the reversal of the
order of integration in the multiple integral of general order:

Jabf(z) dz Lz gly)dy jyb . f h(w)dw Lw j(v) dv

- J‘ab]'(z) dz f h(y) dy j . j g(w) dw jwaw) do,

where

(i) the functions in the integrands are reversed in order;

(ii) theintegralsare reversed in order (not counting the first integral), with the lower
limit a being replaced by the upper limit 5, and vice versa,
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(lii) any permutation of these limits is permissible. To avoid the unnecessary
writing down of the variables of integration, no confusion can arise if we write this

identity as
LbngJ.b...Ibhjaf=J‘ab]'thJa. ..J‘agjbf. (13)

This applies for any permutation of limits a (lower) and b (upper).
Define the operator

b
usJ‘ QZ(yA)ws, lss<n
P, =
—us'[ 2w, n+1<s<2n,
a

the variable of integration and the variable limit being given by the context of any
equation. Then the equation (10) for W is

2n
W =08 (a)tnta 5 PW,

s=1
The development of W by successive substitution yields
'S8 (1) X Pt 1

as the coefficient of «, and
m
t'S’(al)(Z @S) e
as the coefficient of ™. Hence the coefficient of ™ in Ry is

t/S/ b m

The question of the convergence of the series for R is an issue that is independent of the
investigation of relationships between integrals produced by the formal development.

There will be n™ permutations involved in (T %)™, yielding n™ multiple integrals.
In the consideration of any particular multiple integral, often only a modified integral
containing a selection of terms from the integrand may have to be examined, since
@(YA)wl, u,+1, and so on, all contain many terms. Our investigation must show how
many of these integrals (with modified integrands if necessary) are equal in pairs-—
yielding dual or reciprocal pairs—and how many in themselves form self-dual integrals.

When n = 1, the author’s previous investigation (Heading 1981) was more direct,
since @(yA)ws consisted of one term only, involving w,, while u, also consisted of one
term only (involving either w; or w,).

In the general case, for brevity denote & (yA)ws by W, a linear expression in w, and its
derivatives up to order 2n — 1. A modified integrand will only require the use of the one
term not involving a derivative: we shall denote this by

modified W, =w; = Yw,.
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We have defined u; as

2n-2
Dn Wi ... DW1 Wi

: .. (with the row containing w, omitted).
D* %*w,, ... Dwan wa,

When expanded, this consists of 2# — 1 terms as w,(s, 7) s # r, the expansion taking place
down the last column, where (s, r) = (r, s) denotes the determinant of order 2n —2,

2n—-2
Dn wr ... DW1

2n-2
D" Wan ... DW2n

(with rows s and r omitted) divided by N.
It will transpire that only s=1 and n +1 will be needed, with r=n+1 and 1
respectively, in modified integrals. Then

modified u1=ul =-1)"w,.1(1,n+1),
modified U1 =us1 =(-1)""Twi(n+1,1),

with identical coefficients (1, n + 1) (= Z, say) appearing in both modifications.
We now consider any multiple integral of order m

b
f Wi( PP, Jns1.

The order of integration is reversed in keeping with result (13), and the result is
compared with another permutation to see if equality is possible, the w’s and the u’s
being modified if necessary in the process. A careful and detailed examination of this
process reveals that w, at the beginning and u, . at the end place a restriction on what is
possible: permutations containing only & and %, ., are allowed. This means that all
permutations are allowed in the simplest case when n =1,

An example will now show what is involved. Take the multiple integral of order
eight that would arise in the coefficient of 2®in Ry:

b
[ #:2.0.2:0.2.2.2ux (14)
where the suffix N denotes n +1 for brevity. Explicitly, this is
b
[ w]
This is equal to the reversed integral

b b b b
J’ WluNJ. WNul J. WNUNJ WluNJ WNLM J‘ WluNj. Willq J‘ wlul . (16)
a a a a a

This is not a permissible permutation; in fact, it is not a permutation of the defined
operators at all. A direct equality is not possible in this case. But if certain of the w’s

b

b b b
Willq J WluNJ‘ Wall J- WluNJ WNMNJ WNU1L J Wilin. (15)
a a a
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and u’s are modified in keeping with the above definitions, we have

b b
- - - o
J‘ WluNJ‘ WNU1J' WNuNJ
a a
b

b b b
=J V-\}1MNJ’ WN”IJ. YWN(-l)NwlZJ. WluNJ‘ WNLHJ. WluN

a a

b b
WMNJ' WN”lJ WWNJ. WTUTJ wiug
a a a

Xj YW1(—1)nWNZJ‘ YW1(—1)nWNZ. (17)

Where necessary this is altered slightly so that the individual symbols are appropriately
in juxtaposition to the integral signs:

b b b
J WluNI WN“lJ' YW1(—‘1)NW12J. WluN
b
XJ WNU1J WluNJ. YwN(—l)"wlZJ‘ YwN(—l)"wlz.

It can now be seen that this is the modified form of another permutation (the limits of
integration dictating what symbols must be written down), namely

b b
~— - - o
“J‘ WIUNJ‘ WNUIJ. W1M1J‘
a a

originating from the permutation

b b
wluNj WNulj WluNJ W?vuva’ M_/;]u;\r (18)
a

a a

b
*J‘ ng)N.@1@1g)N‘@1@N@NuN. (19)

It can now be seen what modifications are necessary in (14) and (19) when expressed
as (17) and (18). If two identical suffixes occur between two integral signs (for example,
Wili1, W11, wyln in (15), and the same in (18)), all such symbols must be modified. To
enable us to denote this easily, let

Pi=m [ w2, = [ W, cpr=u | 0
then the equality just deduced may be expressed in the form
b b
f 5393 °P PP P PPt = — j D1 PND P PP PP i

the sign being (—1)", where 2L = total number of modified #’s and u’s in either integral.
Although for ease of explanation this result has been proved for a particular
permutation, it is valid for any permutation.
Some permutations may be self-dual, and need no modification. For example,
b

J‘ le@N@l@N@luN
yields itself upon reversal. Other self-dual permutations require modification, as
b

J‘ Wl.@N.@1@1@N@N-@1uN;
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the modified integral, equal to itself upon reversal, is
b
J W1@N.@? 0.0/-)1@?\10@1\1.0]’1“1\1.

There are no self-dual integrals (modified when necessary) of even order.
Some permutations may need only two modifications, such as

b b
J‘ ng’N@l@Ng’lg’?qu?v:—-J W1 P1PNP1PNP1Un.

There cannot be a permutation that requires modification of every symbol, though
permutations will exist that require modification of all but two symbols:

b b
j 3 °P3 OB Py = — f 1 PP P
a a

Since only two suffixes, 1 and N, enter these pairs, the number of dual pairs and
self-dual integrals (modified when necessary) for each value of n will be the same as in
the case n =1 (in which case no modification is needed when an integrating factor
effectively reduces the two equations to normal form). These numbers have been
tabulated in Heading (1981). Consequently the generalisation consists, not in the
number of such integrals, but in the analytical forms of W and R, (and the special choice
of the w’s and u’s), and in the modifications to the integrands necessary to achieve
identity (perhaps with a minus sign). In the diagram, the results when n =2 are
illustrated in the same way as adopted for the case when n =1, except that a lot of
redundant integrals are produced that do not participate in the theorem (represented by
short lines that do not lead to further branches).

The diagram shows that the equality relating to the coefficient ™ contains the sign
(—1)™. This may be proved generally.

Writing down only the suffixes contained in such an integral, we may have

1 a b ¢ ... f 3

where there are m suffixes a, b, ¢, . . ., f, denoting either 1 or 3. If f =1, let N equal the
number of times that two equal suffixes stand side by side. When m is increased to
m + 1, two possibilities arise:

1 a b ¢ ... 1 *1 3
1 a b ¢ ... 1 3 *3,

In both cases, an extra pair is created, denoted by *, so that the number of pairs is now
N +1, Butif f=3, let M denote the number of such pairs in

1 a b ¢ ... 3 3.
Increasing m to m + 1, we have two possibilities

1 a b ¢ ... 3 *1 *3
1 a & ¢ ... 3 *3 *3,

In the first one, a pair is broken at **, while in the second one two pairs arise from one
pair at **. The number of such pairs is therefore M —1 or M + 1 respectively.
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Figure 1. A branch to the left represents the operator #,, while one to the right represents
%,. Equal numbers in a horizontal band denote equality (with a £ sign as appropriate). The
subscripts denote the number of modifications necessary in the integrands. The band
O(a™) refers to W, and O(a™* ') to R,. The equal integrals are:

O(a) 1(2):J W?°g’1u3=—JW1@§u§ O(a?) 1(6):JWT°9’T°9’§°9’1u3
=—J W PSP Pius

O™ 1(4);j WP °9‘1u3=J‘ W1 P35 °P3us 2(6):JW‘1’°9”§°9’19’§L4§

= [ #1°2.23°23u5

S4y: J‘ WT 0931@?,14; (self—dual) 3(2)1 J‘ W? °9‘19‘39’1u3

- [ 520235

NOY J ng%g’lug (Self-dual) 4(2): j ng’:;@; 0?1(43

=—J W PSP Prus.

When m =1, thereareonlytwocases: 1 1 3andl 3 3,where N=1landM =1. It
follows that for general m the number of such pairs is even or odd when m is even or odd
respectively. The signs relating to the coefficient «™ are therefore always (—1)".

Finally, if we define R3 = —%,, we note that the number of $;’s occurring in an
equality in the coefficient of o™ equals m. Replacing P; by &3, we see immediately that
all signs in the equalities become positive throughout.
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